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Abstract
In this paper we present a new piecewise-linear ﬁnite element mesh suitable for the discretization of the one-dimensional
convection–diffusion equation −u′′ − bu′ = 0, u(0) = 0, u(1) = 1. The solution to this equation exhibits an exponential boundary
layer which occurs also in more complicated convection–diffusion problems of the form −u − bu/x + cu = f . The new mesh
is based on the equidistribution of the interpolation error and it takes into account ﬁnite computer arithmetic. It is demonstrated
numerically that for the above problem, the new mesh has remarkably better convergence properties than the well-known Shishkin
and Bakhvalov meshes.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Convection–diffusion problems of the form
−u − bu
x
+ cu = f in  ⊂ R2 (1)
serve as a basis for the study of numerical methods for the approximate solution of the Navier–Stokes equations.
Among the most important goals is the design of optimal initial meshes for adaptive numerical schemes which suppress
spurious oscillations in boundary layers. Eq. (1) induces two types of boundary layers—parabolic and exponential.
Approximation of parabolic boundary layers by the hp-FEM was studied in [4]. For convergence studies of piecewise-
linear/bilinear ﬁnite elements for problem (1) on Shishkin and Bakhvalov-type meshes see [1–3] and the references
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Fig. 1. Exact solution u corresponding to = 10−2.
therein. In this paperwe devise a close-to-optimal ﬁnite elementmesh for the approximation of the exponential boundary
layers by piecewise-linear elements.
We begin with the model equation
−u′′ − bu′ = 0 in = (0, 1) (2)
equipped with the boundary conditions
u(0) = 0, u(1) = 1. (3)
Here, f ∈ C() and the positive constants b and  represent the velocity and viscosity of the ﬂuid, respectively. Eq.
(2) can be normalized by replacing  with ˜ = /b and b with b˜ = 1. Thus, without loss of generality we can assume
that b = 1 in the following. The viscosity > 0 typically is very small, such as = 10−3, 10−4, . . . , 10−8.
The weak formulation of the problem is standard: Find U ∈ V = H 10 () such that
a(U, v) = l(v) for all v ∈ V , (4)
where the bilinear form a(·, ·) : V × V → R is deﬁned as
a(U, v) =
∫

(U ′v′ − bU ′v) dx, v ∈ V ,
and the linear form l ∈ V ′ has the form
l(v) =
∫

(G′v′ + bG′v) dx, v ∈ V .
Here, G ∈ H 1() is a standard Dirichlet lift representing the nonhomogeneous Dirichlet boundary condition (3) at
x = 1. The existence and uniqueness of solution to (4) follows easily from the Lax-Milgram lemma.
It is easy to verify that for b = 1, the exact solution to (2), (3) has the form
u(x) = e
−x/ − 1
e−1/ − 1 . (5)
For illustration, the exact solution u corresponding to = 10−2 is shown in Fig 1.
For smaller values of the viscosity, such as  = 10−3, 10−4, . . ., the boundary layer at x = 0 shrinks quickly and it
becomes practically invisible due to the ﬁnite graphical resolution.
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2. Finite computer arithmetic and adapted equidistant (AEQ) mesh
Let the interval  be covered with a ﬁnite element mesh
h = {K1,K2, . . . , KM}, Ki = (xi−1, xi)
where 0 = x0 <x1 < · · ·<xM = 1. If the division is equidistant, the mesh is called equidistant (EQ) mesh.
The mesh h induces a standard ﬁnite element space
Vh = {v ∈ V ; v|Ki ∈ P 1(Ki)} ⊂ V
of continuous, piecewise-linear functions in . The ﬁnite element approximation of u in the space Vh is denoted by uh.
In order to construct an optimal mesh for the discretization of problem (2), (3), we need to incorporate the ﬁnite
computer arithmetic into our considerations. Hence, by EPS> 0 let us denote the machine zero of our computer. This
is the largest real number such that
1 − |z| = 1 for all |z|<EPS
in the computer arithmetic. In this paper we assume the value EPS = 10−15 which roughly corresponds to double-
precision accuracy.
Note that
e−35 < 10−15 < e−34,
and thus for 0< 10−2, the exact solution (5) is represented in the computer as
u(x) = 1 − e−x/, x ∈ . (6)
In particular, the exact solution u is truncated to
u(x) = 1 for all x ∈ [35, 1].
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Fig. 2. Convergence of piecewise-linear FEM on the EQ and AEQ meshes, = 10−3.
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Fig. 3. Convergence of piecewise-linear FEM on the EQ and AEQ meshes, = 10−4.
This fact can be used to save many degrees of freedom in the interval [35, 1] by using grid points
0 = x0 <x1 < . . .< xM−1 = 35<xM = 1. (7)
Such mesh, where the division is equidistant in the subinterval (0, 35), is called AEQ mesh.
Figs. 2 and 3 compare the convergence rates of piecewise-linear FEM on the EQ and AEQ meshes for the values
 = 10−3 and 10−4. The horizontal axis represents the number of degrees of freedom and the vertical shows the
H 1-seminorm of the approximation error
eh = u − uh. (8)
It follows from Figs. 2 and 3 that the incorporation of the ﬁnite computer arithmetic improves the convergence rates
by roughly one order of magnitude. Therefore, in what follows, the ﬁnite computer arithmetic will always be taken into
account.
3. Equidistributed error (EE) mesh
It is well known that ﬁnite element meshes with equidistributed approximation error yield excellent convergence
rates. However, the task of constructing a ﬁnite element mesh h so that the approximation error (8) is distributed
uniformly in all elements leads to a large and ill-conditioned system of non-linear algebraic equations whose exact
solution is virtually impossible to ﬁnd. Therefore, we resort to an asymptotic argument which allows us to replace the
approximation error with the interpolation error:
3.1. Calculation of the interpolation error
Given a mesh h, let us deﬁne a piecewise-linear vertex interpolant of the exact solution u as a continuous piecewise-
linear function uv ∈ Vh such that uv(xi) = u(xi) for all i = 0, 1, . . . ,M .
Next, given a grid point xi ∈ [0, 35], let us ﬁnd a formula for the error of the piecewise-linear interpolant, |u −
uv|H 1(xi ,xi+1) as a function of the position of the next grid point xi+1. For this purpose, we denote h= xi+1 − xi . From(6) we have that
u(xi) = 1 − e−xi/, u(xi + h) = 1 − e−(xi+h)/.
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Fig. 4. Graph of f (h) for = 10−3, detail of the origin.
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Fig. 5. Graph of f (h) for = 10−3, h ∈ (0, 1).
The slope mi of the interpolant uv(x) in the interval (xi, xi+1) can be written as
mi = e
−(xi+h)/ − e−xi/
h
= e−xi/
(
1 − e−h/
h
)
.
After some calculation we obtain
|u − uv|2
H 1(xi ,xi+1) = e
−2xi/
[
1
2
(1 − e−2h/) − 1
h
(1 − e−h/)2
]
= e−2xi/f (h).
It is easy to check that the function f (h) is increasing monotonically from zero to its limit 1/(2) for h → ∞. The
function f (h) for = 10−3 is shown in Figs. 4 and 5.
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3.2. Construction of the EE mesh
To generate the EE mesh, we begin with choosing the ﬁrst element K1 = (0, x1), x1 ∈ (0, 35). This determines the
interpolation error E0 for all remaining elements in the mesh,
E0 = f (x1).
Then we proceed according to the following algorithm:
(1) Assume that the element Ki has been constructed. By (9), the length hi+1 of the next element Ki+1 is obtained
by solving the nonlinear equation
f (hi+1) = E0e2xi/. (9)
This can be done easily, e.g., using the Newton’s method.
(2) The next grid point xi+1 is deﬁned as
xi+1 = xi + hi+1.
(3) If
xi+1 − 2 ln(2E0), (10)
then increase i and go to step 1. Otherwise stop.
The stopping criterion (10) is based on the fact that if xi > − (/2) ln(2E0), then the error until the end of  is less
than E0.
The last grid point that we ﬁnd with the algorithm above is denoted by xM−1, and the EE mesh is completed by
deﬁning KM−1 = (xM−1, 1).
4. Comparison to Shishkin and Bakhvalov meshes
4.1. Layer-adapted Shishkin mesh
In agreement to the preceding considerations on ﬁnite computer accuracy, we adjust the standard deﬁnition of the
Shishkin mesh [3] as follows:
xi =
{
(ti) with ti = i/M for i = 0, 1, . . . , 12M,
35− (35− xN/2) · 2(M − i)/M for i = 12M + 1, . . . ,M.
Here, (t) is a mesh generation function,
(t) = 2(ln M)t with =  ln M ,
and > 0 a real parameter. The choice of the parameter  depends on the problem solved. In order to select the best
value of  for our problem, we produced a series of convergence curves for various values of .
The curves shown in Fig. 6 correspond to = 10−8, but they were very similar also for all other considered values of
. For our problem, the value = 0.25 yielded the fastest convergence and thus it will be used for comparison purposes
in the following.
4.2. Layer-adapted Bakhvalov mesh
Taking into account the ﬁnite computer arithmetic, we also adjust the standard deﬁnition of the Bakhvalov mesh [3]
to
xi =
{
(ti) with ti = i/M for i = 0, 1, . . . , 12M,
35− (35− xM/2) · 2(M − i)/M for i = 12M + 1, . . . ,M,
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Fig. 6. H 1-seminorm of the approximation error eh = u − uh for various values of  with = 10−8.
0.1
1
10
10000 20000 30000 40000 50000 60000 70000 80000 90000 100000
H
1
-s
e
m
in
o
rm
DOF
σ=1.2
σ=1.3
σ=1.4
σ=1.5
σ=1.6
σ=1.7
Fig. 7. H 1-seminorm of the approximation error eh = u − uh for various values of  with = 10−8.
where again (t) is a mesh generating function,
(t) = − ln[1 − 2(1 − )t].
Analogously to the previous case, we ﬁnd that the optimal value of the parameter  for our problem is  = 1.5 (see
Fig. 7).
4.3. Convergence comparison
The convergence of the ﬁnite element method on the AEQ mesh, Shishkin (S) mesh, Bakhvalov (B) mesh, and EE
mesh for various values of  is compared in Figs. 8–11.
164 P. Šolín, J. Ávila / Journal of Computational and Applied Mathematics 218 (2008) 157–166
1e-04
0.001
0.01
0.1
10000 20000 30000 40000 50000 60000 70000 80000 90000 100000
H
1
-s
e
m
in
o
rm
DOF
AEQ-mesh
S-mesh
B-mesh
EE-mesh
Fig. 8. Convergence comparison, = 10−3.
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Fig. 9. Convergence comparison, = 10−4.
All these computations give the same message: the approximation error on the AEQ mesh was always almost one
order of magnitude bigger than on the other meshes. The Bakhvalov mesh always gave better results than the Shishkin
mesh, and the EE mesh provided the best approximation.
4.4. Convergence study
Let us consider the approximation error in the H 1-seminorm in the form |u − uh|1,2 = CN, where u is the exact
solution (5), uh is the ﬁnite element approximation on the EE mesh, N is the number of degrees of freedom (i.e., the
number of elements minus one), and C and  are two unknown constants. Tables 1 and 2 present numerical estimates
of these constants for = 10−3 and = 10−4.
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Fig. 10. Convergence comparison, = 10−6.
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Fig. 11. Convergence comparison, = 10−8.
Table 1
Convergence study for = 10−3
Number of elements Error in H 1-seminorm Estimated value of  Estimated value of C
25 3.385578438562930 −0.41 13.36
50 2.383197566124150 −0.49 16.48
150 1.371564701792750 −0.51 17.36
300 0.969048479594274 −0.50 17.25
500 0.750373827289707 −0.50 17.23
1500 0.433084936106762 −0.50 17.19
3000 0.306212097063778 −0.50 17.16
5000 0.237184090009914 −0.50 17.15
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Table 2
Convergence study for = 10−4
Number of elements Error in H 1-seminorm Estimated value of  Estimated value of C
25 10.7061390630135 −0.51 55.43
50 7.53633242312453 −0.51 55.06
150 4.33726841591739 −0.51 54.67
300 3.06440035861484 −0.50 54.52
500 2.37289039062538 −0.50 54.43
1500 1.36953481767530 −0.50 54.30
3000 0.96832767381809 −0.50 54.24
5000 0.75004194733471 −0.50 54.20
5. Conclusion and outlook
Motivated by the old idea of equidistribution of the approximation error on ﬁnite element meshes, we devised a
new equidistributed interpolation error mesh for the one-dimensional convection–diffusion equation. This equation
exhibits an exponential boundary layer which also is present in convection–diffusion problems in higher spatial di-
mensions. Numerical examples were presented, showing that for this type of problems, the (EE) mesh has signiﬁcantly
better approximation properties than the widely used Shishkin and Bakhvalov meshes. We also presented a numerical
convergence study which indicates that the convergence rate of piecewise-linear approximation on the (EE) mesh is
O(N−1/2) where N is the number of degrees of freedom. It turns out that the convergence analysis on the EE mesh is
more complicated compared to the Shishkin and Bakhvalov meshes, and it is still in progress.
It is among our future goals to extend the equidistributed error mesh to higher-order ﬁnite elements [6,5] and to
apply it to more complicated convection-diffusion problems in two and three spatial dimensions.
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